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A Novel Geometrical Technique for Determining
Optimal Array Antenna Lattice Configuration
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Abstract—We present a new 2D geometrical technique for
determining optimal element arrangement for planar, phased
array antennas with specified scan limits. This geometrical
technique is not limited to conical or pyramidal scanning, but
can be extended to any scan type that can be represented with
an analytical equation. In addition, simple equations are given
for two very important scanning types, conical and pyramidal.
These equations provide deeper understanding and simpler
graphical solutions than other pure graphical techniques.This
paper discusses optimal array arrangement from the viewpoint
of general lattice, which itself includes a hexagonal lattice as its
subset. An important practical system, where this technique was
found to be useful, is theN -face phased array antenna providing
scanning throughout a hemisphere. Simple equations are given
for determining the maximum off-axis scan and tilt angles ofeach
face with respect to the zenith. Finally, the lattice arrangement
of each face is decided by the new design technique.

Index Terms—Phased arrays, grating lobes, conical scan,
pyramidal scan, n-face array, hemispherical coverage

I. I NTRODUCTION

A COMPREHENSIVE analysis of grating lobe appearance
in planar, phased array antennas with different possible

scanning specifications is presented. Although the concept
of grating lobes and optimal planar array arrangement is
well understood graphically [1]–[5], a complete analytical
technique has not yet been performed. The basic concept
behind the geometrical design technique presented in this
paper is that almost all types of scan specifications can be
mapped ontokxky domain as a single ellipse or a combination
of multiple ellipses. In addition, the technique discussedin this
paper is generalized to include all types of planar array lattices
and provides simple expressions for instructive graphicalplots.

One main application of this new design technique is deter-
mining the optimal lattice configurations forN -face phased
arrays to cover an entire hemisphere. A brief comparison
between two different hemispherical sectorizations is given
in section IV. Although there are many parameters to be
taken into consideration, the maximum off-axis scan angle
(θmax) is usually chosen as the main criterion for deciding
the number of faces(N) and tilt angle(θT ). After deciding
N and θT , the scan sectors are transformed from the earth’s
coordinates(x′, y′, z′) to the array coordinates(x, y, z). Then,

Manuscript received March 19, 2009; revised May 27, 2009. The work
reported in this paper was sponsored by Samsung Thales Co., Ltd., Kangnam-
gu, Seoul, under Contract STC-C-07-032.

S. R. Zinka, I. B. Jeong, and J. P. Kim are with school of Electrical and
Electronic Engineering, Chung-Ang University, Seoul 156-756, Korea. E-mail:
srinivas.zinka@gmail.com, phill@cau.ac.kr

J. H. Chun is with Research and Development Center, Samsung Thales,
Korea. E-mail: jonghoon.chun@samsung.com

(a)

(b)

Fig. 1. (a) A general array lattice and (b) corresponding grating lobe locations
in sine space.

the presented geometrical technique can be used to analyze the
sine space of each individual array face.

II. BASIC THEORY

It can be shown [6] that for a general two-dimensional
lattice structure described in Fig. 1(a), grating lobes occur in
the kxky domain (sine space) at

(kxg)p = kx0 +
2pπ

a

(kyg)p,q = ky0 +
2qπ

b
−

[

(kxg)p − kx0

tan γ

]

(1)
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wherep, q = 0,±1,±2, · · ·.
Since by definition, kx = k0 sin θ cosφ and ky =

k0 sin θ sin φ, radiating far fields are confined to the circular
disk

(

k2
x + k2

y

)1/2 ≤ k0, often known asvisible space. The
remainingkxky space, described asinvisible space, is related
to the stored energy in the near field, which is analogous to
the phenomenon of evanescent modes in a waveguide. Usually,
an antenna engineer intends to avoid the appearance of all the
grating lobes (except for thep = q = 0, main lobecase)
within the visible space.

Fig. 1(b) shows the visible space and the grating lobe spaces
placed according to (1) in thekxky domain. Assuming that
V 1 represents the domain of the specified main lobe scan
positions, the closed loopsG1 − −G6 represent contours of
all the possible nearest grating lobe scan positions. From Fig.
1(b), it can be observed that all the grating lobe contours are
just touching the visible space circle, except forG2 andG5.
Thus, for the given scan specificationV 1, the array lattice
arrangement shown in Fig. 1(a) is not optimal. In this paper,
optimal array arrangement is defined as the configuration that
maximizes the array’s unit cell area(ab). In other words,
an optimal configuration minimizes the number of elements
needed in a given array aperture. To achieve this optimal array
lattice configuration, Fig. 1(b) should be modified according
to the following description.

1) All the left-hand side grating lobe contours should be
moved upward and the right-hand side contours down-
ward.

2) After an optimal skew with respect to theky axis, both
left-hand side and right-hand side grating lobe contours
should be moved horizontally toward each other, so that
all would just touch the visible space circle.

3) If V 1 is symmetric with respect to both thekx and
the ky axes, then the contoursG2, G3, G5 and G6
will be at the same distance from thekx axis for
the optimal array lattice configuration. This optimal
array element arrangement is a hexagonal array lattice
(

γ = tan−1
(

2b
a

))

.
However, it should be mentioned that a hexagonal lattice may
be the optimal lattice even ifV 1 is asymmetric with respect to
thekx or ky axes. To substantiate this statement, one example
of trapezoidal scanning is provided in section IV.

From the above discussion, it is clear that to analyze the
kxky domain for grating lobe appearance,V 1 should be
evaluated for a given set of scan specifications. In [3]–[5],
V 1 is obtained using pure graphical techniques. Although
pure graphical techniques are simple and straightforward,
they do not provide much information about the scanning
procedure. Thus, in this paper a new geometrical technique is
presented, which provides in-depth understanding and a much
easier graphical solution. To explain this technique, two very
important and general scan options are considered in the next
section.

III. M APPING OFGENERAL SCAN SPECIFICATIONS ONTO

THE (kx, ky) DOMAIN

Two of the most important scan types are the conical
and pyramidal scans. A complete analysis of these two scan

(a)

(b)

Fig. 2. Conical scanning: (a) geometry of the elliptical conical sector and
(b) mapped scan region in sine space.

options is presented in this section. The conical sector to be
scanned is assumed to be an elliptical cone. Even though an
elliptical conical scan does not have much practical signifi-
cance, the theory is nevertheless the same as for the circular
conical scan. The second scan option, the pyramidal scan, is
described as scanning a polyhedral sector that has a polygonas
its base and triangles with a common vertex (origin) for faces.
Any practical scan specification can be expressed as either a
conical or a pyramidal scan or as a combination of the two.

A. Conical Scanning

Fig. 2(a) shows an elliptical conical scan region with scan
limits 2θx and 2θy in the x and y directions, respectively.
It is further assumed that the conical region is symmetric
with respect to thez axis. Without loss of generality, a plane
(z = 1) with an elliptical boundary and perpendicular toz axis
can be mapped onto thekxky plane. Any pointP , lying on
the boundary of this elliptical surface as shown in Fig. 2(a),
is given by

(x, y, z)P = (r cosφ, r sin φ, 1) (2)

where

r =
TxTy

√

T 2
y cos2 φ + T 2

x sin2 φ

Tx = tan (θx)
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Fig. 3. Sine space corresponding to circular conical scan

Ty = tan (θy) (3)

It is shown in Appendix A that mapping of this elliptical
contour onto thekxky plane is given by

(

kx

k0 sin θx

)2

+

(

ky

k0 sin θy

)2

= 1 (4)

The mapped region in thekxky plane,V 1, given by (4), is
shown in Fig. 2(b). The elliptical boundary of this region
makes it difficult to obtain an analytical solution for the
optimal array configuration.

As mentioned before, elliptical scanning is rarely needed,
unlike circular conical scanning. For circular conical scanning,
θx = θy = θmax and (4) represents a circle:

k2
x + k2

y = k2
0 sin2(θmax) (5)

An analytical solution for circular conical scanning can be
derived from Fig. 3. Centers of the grating lobe contoursG1–
G3 are at distancesd1–d3, respectively, from the origin, where
d1–d3 are given as

d1 =

(

2π

b

)

d2 = 2π

(

1

b2
+

1

a2 sin2 γ
−

2

ab tanγ

)1/2

d3 =

(

2π

a sinγ

)

(6)

(a)

(b)

Fig. 4. Rectangular pyramidal scanning: (a) geometry of therectangular
pyramidal sector and (b) mapped scan region in sine space.

From (6), for a given general lattice configuration, the maxi-
mum off-axis scan angle,θmax, is given by

θmax = sin−1

[

min (d1, d2, d3) − k0

k0

]

(7)

Thus, given the input parameters[a, b, γ], θmax can be evalu-
ated from (7).

B. Pyramidal Scanning

Conical scanning, described in the previous subsection, is
simple and gives an analytical solution for the optimal array
configuration. However, in many practical applications the
scan region is not conical, but pyramidal. To take advantage
of the irregular shape of the pyramidal scan region, a new
mapping technique is necessary. In this subsection, first the

(x, y, z)P =







(Tx, Tx tanφ, 1) , if 0◦ ≤ φ ≤ tan−1
(

Ty

Tx

)

(Ty cotφ, Ty, 1) , if tan−1
(

Ty

Tx

)

≤ φ ≤ 90◦
(8)

(kxky)pyramidal scan :











(

kx

k0 sin θx

)2

+
(

ky

k0

)2

= 1, if 0◦ ≤ φ ≤ tan−1
(

Ty

Tx

)

(

kx

k0

)2

+
(

ky

k0 sin θy

)2

= 1, if tan−1
(

Ty

Tx

)

≤ φ ≤ 90◦
(9)



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 58, NO.2, FEBRUARY 2010 4

(a) Grating lobe regions in sine space (b) A more detailed representation of sine space

Fig. 5. Rectangular pyramidal scanning

(a) Geometry of the triangular pyramidal sector (b) Mapped scan region in sine space

Fig. 6. Triangular pyramidal scanning

rectangular pyramidal scanning procedure is described, after
which the results obtained for the rectangular pyramidal scan
are extended for a more general pyramidal scan with a
polygonal base.

Fig. 4(a) shows a rectangular pyramidal scan region, which
is symmetric with respect to thez axis and with scan limits
2θx and2θy in x andy directions, respectively. Again without
loss of generality, a rectangular surface at(z = 1) and perpen-
dicular to thez axis is mapped onto thekxky plane. Only the
region corresponding to0◦ ≤ φ ≤ 90◦ is mapped and the
remaining map can be constructed from the symmetry. Any
point P lying on the boundary of the rectangular surface can
be represented by (8), whereTx, Ty have the same meaning
as defined by (3). Following a similar procedure given in
Appendix A, mapping of the rectangular pyramidal sector onto
the kxky domain is given by (9). It is interesting to note that
the corresponding contour represents anintersection of two
mutually orthogonal ellipsescentered at the origin, as shown
in Fig. 4(b). A complete description of rectangular pyramidal
scanning with the closest grating lobe regionsG1 − −G6 is
shown in Fig. 5(a). Because of the symmetry of the grating
lobe lattice, it is sufficient to analyzeG1 − −G3, as shown

in Fig. 5(b). It can be observed that the optimal value of the
array lattice parameterb, bopt, is solely decided by the ellipse
E1.

bopt =
2π

k0 [1 + sin (θy)]
(10)

The other array lattice parameter,a, is controlled by two
ellipses (E2 andE3) and two critical points (CP2 andCP3).
In addition, the primary scanning region,V 1, is symmetric
with respect to both thekx and theky axes. Thus, the optimal
array lattice for rectangular scanning is a hexagonal lattice.

With the conceptual insight provided by the rectangular
pyramidal scanning procedure, it is intuitive that the same
basic concept can be applied to any general pyramidal scan-
ning. One simple example is shown in Fig. 6(a). The region
to be scanned is a pyramidal sector with a triangular base
coinciding with the plane(z = 1). The lines joining the origin
to the closest point on each side of the base are at the angles
θ1, θ2 andθ3 with respect to thez axis. In addition, the lines
joining the shifted origin(A) to these closest points are at
anglesφ1, φ2 and φ3 with respect to thex′′ axis. For better
visualization, only information related to face 3 is shown in
Fig. 6. From (9), it is clear that the mapping of theθx or θy
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(a) Three-face array with only side-faces (b) Three equal far-field triangular pyramidal sectors

Fig. 7. Three-face array for hemishpere scan coverage

(a) Knittel’s sectorization (b) Kmetzo-Corey’s sectorization

Fig. 8. Comparison between different types of sectorizations

contour onto thekxky domain is an ellipse. If aθx contour
is rotated along thez axis, its corresponding mapping also
rotates by the same angle inkxky domain. This phenomenon
can be explained by the basic idea behind mapping. Mapping
of a region from the(x, y, z) domain onto thekxky domain
is equivalent to projection of the corresponding contour on
the spherex2 + y2 + z2 = k0

2 onto the (x, y) plane [1].
Such projection does not change its shape, but just rotates
with the corresponding rotation of theθx contour. Thus, as
shown in Fig. 6(b), mapping of the triangular pyramidal sector
is nothing more than a combination of three ellipses, with
each ellipse rotated by a proper angle from thekx axis. This
general technique can be used to map any arbitrary pyramidal
region with a polygonal base onto thekxky domain. The
application of this technique for covering a hemispherical
region is demonstrated in the next section.

IV. A PPLICATION OFSCANNING THEORY FORCOVERING

A HEMISPHERE

One of the main applications of phased array antennas is
hemispherical scan coverage. Phased arrays providing beam
scanning throughout a hemisphere require three or more faces,
as shown in Fig. 7. Many criteria, such as the scan reflection
coefficient and the realized gain at maximum scan angle,
should be taken into consideration before choosing the number

of faces. In this paper, no effort was made to determine the
number of faces. Instead, the authors only attempt to explain
the new mapping technique for a given number of array faces.

It should be noted here that a hemisphere can be divided
in several ways. Three simple sectorizations are shown in
Figs 7(b) and 8. A 3-face array and its far-field triangular
pyramidal sectors are shown in Fig. 7. It is possible to reduce
the maximum off-axis scan angle by increasing the number
of radiating side faces. Fig. 8 shows two sectorizations,
each having a sector perpendicular to the zenith. These two
sectorizations are exactly the same from the viewpoint of the
maximum off-axis requirement(θmax) and the tilt angle of
each face with respect to the zenith(θT ). The main difference
is the path joining pointsP andR. Actually, there is an infinite
number of possible paths joining these two points, but the more
obvious ones arePQR andPSR. A plane going through path
PQR would intersect thez axis at the origin, whereas a plane
going through pathPSR would be parallel to the(x, y) plane
and intersect thez axis at pointW , as shown in Fig. 9. These
sectorizations are named after their respective authors [2]–[4].
The sectorization shown in Fig. 8(a) is optimal, and preferable,
for the following reasons.

1) In the Kmetzo–Corey sectorization, the top face has to
scan more regions, thus decreasing its corresponding
unit cell area.
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(a) Knittel’s sectorization (b) Kmetzo-Corey’s sectorization

Fig. 9. A more detailed representation of the two sectorizations

(a) Geometry of the trapezoidal pyramidal sector (b) Mapped scan region in sine space

Fig. 10. Trapezoidal pyramidal scanning with respect to array coordinates

2) Knittel’s sectorization is much simpler with respect to
each set of the individual array coordinates.

Thus, to explain the theory proposed in this paper, Knit-
tel’s sectorization was adapted. Before proceeding, simple
equations for evaluatingθT and θmax are given in the next
subsection.

A. Tilt Angle and Maximum Off-axis Scan Requirement

For an N -face array with no face perpendicular to the
zenith (i.e.,N triangular pyramidal sectors), the tilt angle and
maximum off-axis scan requirements are given by

(θT )tr = (θmax)tr = tan−1 (sec (ξ)tr) (11)

where(ξ)tr =
(

π
N

)

.
Similarly, θT and θmax for an N -face array with one face

being perpendicular to the zenith (i.e.,(N − 1) trapezoidal
pyramidal sectors and one regular polygonal pyramidal sector)
are given by

(θT )tp = cos−1





1 −
√

1 − cos2 (ξ)tp sin2 (ξ)tp

sin2 (ξ)tp





(θmax)tp = cos−1
(

sin (θT )tp cos (ξ)tp

)

(12)

where(ξ)tp =
(

π
N−1

)

.

Expressions given by (12) can be derived either by coor-
dinate transformations [4] or by simply using the following
conditions.

MR = MR′

MR = 2 × radius× sin

(

(θmax)tp

2

)

(13)

where pointsM, R and R′ are depicted in Fig. 9(a). In
addition, without loss of generality, the radius of the far-field
sphere can be assumed as 1.

B. Scan Specifications with respect to Array Coordinates

OnceθT andθmax are determined, scan specifications with
respect to the earth coordinate system should be transformed
to an array coordinate system. An equivalent (but not exactly
same) representation of a trapezoidal pyramidal scan (Fig.
9(a)) is shown in Fig. 10(a). Scan specifications with respect
to the array coordinate system are derived in Appendix B and
they are given by

(θ2)tp = tan−1





tan (θT )tp
√

(m)
2
tp + 1





(φ2)tp = tan−1

(

−1

(m)tp

)

(14)
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Fig. 11. 2D top view of(z = 1)-plane (Fig. 10(a))

where

(m)tp = −









tan (θT )tp − tan
(

(θT )
tp

2

)

√

tan2 (θmax)tp − tan2
(

(θT )tp

2

)









(15)

Only scan specifications corresponding to contourRR′ are
given in (14). Remaining parameters can be evaluated intu-
itively from Fig. 10(a). Mapping of this trapezoidal pyramidal
sector onto thekxky space is done using the theory described
in the previous section and shown in Fig. 10(b).

Following a similar procedure, scan specifications corre-
sponding to a triangular pyramidal scan (Fig. 7(b)) are given
by

(θ2)tr = tan−1





tan (θmax)tr
√

(m)
2
tr + 1





(φ2)tr = tan−1

(

−1

(m)tr

)

(16)

where

(m)tr = −





tan (θmax)tr + cot (θmax)tr
√

tan2 (θmax)tr − cot2 (θmax)tr



 (17)

C. Example

To demonstrate the new geometrical design technique, a
5-face array was considered. The sectorization for a 5-face
array is shown in Fig. 9(a). The tilt angle of each side face
with respect to the zenith(θT ) and the maximum off-axis
scan angle(θmax) were determined from (12). Their values
were 74.46◦ and 47.06◦, respectively. From Fig. 9(a), it is
evident that the array lattice configuration of the side faceis
different to that of the top face. Thus, mapping of each face
is done separately as shown in Fig. 11. In addition, in Table I,
these results were compared with the results obtained from the
circular conical scan assumption (i.e., the irregular shape of the
scan region is not taken advantage of). By taking the irregular
shape of the scan region into consideration, unit cell areas
obtained for the top and side faces were, respectively, 10%
and 8% larger than for the circular conical scan. Even though
V 1 is asymmetric with respect to thekx axis for the side face,

(a)

(b)

Fig. 12. Hemisphere scan coverage by 5-face array: (a) sine space corre-
sponding to the side faces and (b) sine space corresponding to the top face.

TABLE I
LATTICE CONFIGURATIONSOBTAINED BY DIFFERENTSCAN SECTOR

ASSUMPTIONS

scan sector a b γ

top-face rectangular pyramid 0.677λ 0.623λ 61.48◦

side-faces trapezoidal pyramid 0.667λ 0.623λ 61.84◦

all faces circular cone 0.667λ 0.577λ 59.97◦

from Fig. 11(a) it is clear that the optimal array configuration is
a hexagonal lattice. Similar analysis can be performed for any
arbitrary multiface array with specified conical or pyramidal
scan sectors.

V. CONCLUSION

A 2D geometrical technique has been developed for de-
termining the optimal array configuration of planar-phased
array antennas. The basic theory for mapping different types
of scan regions onto sine space has been presented. To
demonstrate the proposed technique, a multiface array antenna
for hemispherical coverage was considered. Simple equations
were given to evaluateθT and θmax of each array face.
In addition, the theoretical analysis for transforming scan
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specifications from earth coordinates to array coordinateshas
been presented. Finally, the technique presented in this paper
was applied to analyze a 5-face array antenna for the optimal
array geometries. The geometrical technique presented in this
paper provides deeper understanding and simpler graphical
solutions than other pure graphical techniques. In addition, this
geometrical technique is not limited to conical or pyramidal
scanning, but can be extended to any scan type that can be
represented with an analytical equation.

APPENDIX A
MAPPING OFCONICAL SCAN REGION ONTOSINE SPACE

The locus of any pointP on the contour of the elliptical scan
region as shown in Fig. 2(a) is given by (2). This expression
was obtained using the following polar representation of
ellipse. If an ellipse is expressed as

(x

a

)2

+
(y

b

)2

= 1 (18)

then its polar form can be written as

(r, φ) =

[(

ab
√

b2 cos2 φ + a2 sin2 φ

)

, φ

]

(19)

From (2) or by simply observing Fig. 2(a), it is evident that

θ (φ) = tan−1 [r (φ)]

= tan−1





TxTy
√

T 2
y cos2 φ + T 2

x sin2 φ



 (20)

and from the fundamental definition of sine space

k2
x + k2

y = k2
0 sin2 θ

(ky/kx) = tanφ (21)

Substituting (20) into expressions given by (21) results in
(

kx

k0 sin θx

)2

+

(

ky

k0 sin θy

)2

= 1 (22)

A similar procedure can be used to derive mapping equa-
tions for a pyramidal scan region given by (9).

APPENDIX B
SCAN SPECIFICATIONS WITH RESPECT TOARRAY

COORDINATES

A 2D top view of Fig. 10(a) is shown in Fig. 11. Applying
simple geometry, lineRR′ can be written as

y′′ = mx′′ + tan(θT ) (23)

Similarly, a line going through the origin and perpendicular to
RR′ (MB) is given by

y′′ =
−1

m
x′′ (24)

where

m = −





tan θT − tan
(

θT

2

)

√

tan2 θmax − tan2
(

θT

2

)



 (25)

The point of intersection of linesRR′ andMB is at a distance
D from the origin, whereD is given by

D =
tan θT√
m2 + 1

(26)

and from Fig. 10(a), it is evident that

D = tan θ2 (27)

Therefore, from (26) and (27),θ2 is given by

θ2 = tan−1 D = tan−1

[

tan θT√
m2 + 1

]

(28)

From (24) and (25),φ2 is given by

φ2 = 6 AMB =



tan−1

√

tan2 θmax − tan2
(

θT

2

)

tan θT − tan
(

θT

2

)



 (29)

Finally, two more important equations for graphical analysis
are

6 AMR =
π

2
− cos−1

[

tan
(

θT

2

)

tan θmax

]

6 AMR′ = −
π

2
+ cos−1

[

cot θT

tan θmax

]

(30)

Similar equations can be derived for triangular pyramidal
scan and are given by (16) and (17).
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