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On the Ludwig’s Definitions of Cross-Polarization
Srinivasa Rao Zinka

Abstract—This paper presents a generalized definition of cross
polarization for unidirectionally polarized sources. This definition
assumes no restriction on the type and orientation of the AUT. In
other words, the definition presented in this paper can be seen
as a superset of all the previous definitions. According to this
definition, reference polarization is defined as the polarization
in which the far-field power is contained as function of angular
direction. Such a general definition gives antenna engineerthe
freedom to choose appropriate reference polarization depending
upon the type of the AUT and its application. Also, a few
remarks are made on the Ludwig-3II definition and the reason
for it’s incompatibility with the H-field aperture model has been
addressed.

Index Terms—Polarization, antenna measurements, antenna
radiation patterns, Huygens source, reflector antennas, Ludwig-3
definition.

I. DEFINITIONS

V ARIOUS definitions1 given so far for reference and cross
polarizations [1]–[3] are presented below.

Ludwig-1: Projection of the electric field vector onto the
two Cartesian unit vectorŝx and ŷ lying in the aperture plane

{

ûref = ŷ

ûcross = x̂.
(1)

Ludwig-2: Projection of the electric field vector onto the
two spherical unit vectors given by Ludwig’s equations (4a)
and (4b) [1]







ûref = sinφ cos θ θ̂+cosφ φ̂√
1−sin2 θ sin2 φ

ûcross = cosφ θ̂−sinφ cos θ φ̂√
1−sin2 θ sin2 φ

.
(2)

Ludwig-3I: Fields one measures when antenna patterns are
taken in the usual manner (see Fig. 1)

{

ûref = sinφ θ̂ + cosφ φ̂

ûcross = cosφ θ̂ − sinφ φ̂.
(3)

Ludwig-3II: A definition intended to generalize the above
definition (again, see Fig. 1)

{

ûref = sin ζ θ̂ + cos ζ φ̂

ûcross = cos ζ θ̂ − sin ζ φ̂
(4)

where

ζ = arctan

(

1

cos θ tan (φ′ − φ)

)

(5)

whereθ andφ are given by the observation direction, andφ′

denotes the direction of the linearly polarized aperture field.
If ζ = φ is chosen instead of (5), then (4) simply reduces to
the Ludwig-3I definition. Also, forθ = 0◦, all the definitions
exceptLudwig-1 coincide with each other.

1For the sources corresponding to each definition, refer to the Table II.

Fig. 1. Antenna co-polar pattern measurement scheme following Ludwig-3I
(φ′ = π/2 andζ = φ) andLudwig-3II definitions. Radiating source is in the
xy-plane.

II. SUMMARY OF THE PREVIOUS CONCLUSIONS

Since the far-field fields of any antenna are tangential to a
spherical surface, it is immediately apparent that theLudwig-
1 definition is fundamentally inappropriate for most of the
antenna applications. DefinitionsLudwig-2, Ludwig-3I and
Ludwig-3II involve unit vectors tangent to a sphere so they
are appropriate for the case of primary or secondary fields
[1].

Before going into further discussion, circumstances under
which the Ludwig-3I definition was defined will be briefed.
Dr. Ludwig’s intended applications were,

1) to develop an antenna system to achieve nearly orthog-
onal polarizations everywhere in some coverage region
in order to create two communication channels for each
frequency band

2) to characterize a feeding antenna for a paraboloid reflec-
tor which will in turn be used for the first application

3) to design a feed for a paraboloidal reflector in which
the objective is to achieve maximum aperture efficiency
(peak gain).

According to Dr. Ludwig, theLudwig-3I definition applies to
all of these cases in areasonable sense. This is true, especially
when the main concern is polarization characteristic of thefeed
antenna (i.e., primary pattern). ThusLudwig-3I is the optimal
definition for feed antennas illuminating paraboloid reflectors.

Later, in a commentary for Dr. Ludwig’s paper [4], Dr.
Knittel pointed out the following important issues:

1) If the Ludwig-3I definition is used as the standard
definition, an electric or magnetic dipole would have
significant cross polarization out of theE-plane and the
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H-plane. Only a Huygens source [5] would have no cross
polarization.

2) The Ludwig-3I definition of cross polarization is not
useful except in certain special cases like the near-
broadside nominally linearly polarized situation with
which Dr. Ludwig was primarily concerned.

Dr. Ludwig’s reply for the above comments (paraphrased):
1) First of all, both electric and magnetic dipoles are

inappropriate for feeding paraboloid reflectors. However,
if these ideal sources are used as standalone antennas
(not as feeds), for such applications I would suggest
that the definition ofaxial ratio as given by Knittel [6]
applies nicely.

2) I feel a meaningful definition is possible for situations
not restricted to the case of near-broadside nominally
linearly polarized antennas. However, far from broad-
side the three definitions which I considered seriously
disagree2.

Later, in [2], authors tried to generalize theLudwig-3I
definition. The authors mentioned that theLudwig-3II def-
inition incurs smaller error3 over most of the observation
sphere compared to theLudwig-3I definition for theH-field
aperture model but no error for theE-field aperture model [3].
The reason for this incompatibility with theH-field aperture
model will be explained in section IV. Even if theLudwig-
3II definition yields smaller error compared to theLudwig-
3I definition, it is still not an ideal definition for theH-
field aperture model. Also, it was unfortunate that the authors
did not consider Dr. Knittel’s comments while defining the
Ludwig-3II definition.

This paper presents ageneralized definition of cross polar-
ization which can address most of the above issues. In order
to define this generalized definition, reference polarization is
taken as the polarization in which the power is contained,
as function of angular direction [4]. Thus this generalized

2Authors believe that Dr. Ludwig was referring to the case ofsecondary
radiation pattern of a complete antenna system.

3This is questionable, despite [3] states that. In Fig 2 in [3], Ludwig-3I
definition exhibits smaller error in the broad-side region,i.e. the region of the
most interest. One of the reviewers of this manuscript made this observation.

TABLE I
FAR-FIELD GREEN’ S FUNCTIONSCORRESPONDING TOUNIT-IMPULSE

ELECTRIC AND MAGNETIC CURRENT SOURCESORIENTED ALONG
DIFFERENTDIRECTIONS[7]

Source Current ~GE (θ, φ)

~Je = δ (x) δ (y) δ (z) x̂ ξ
(

cos θ cosφ θ̂ − sinφ φ̂
)

~Je = δ (x) δ (y) δ (z) ŷ ξ
(

cos θ sinφ θ̂ + cos φ φ̂
)

~Je = δ (x) δ (y) δ (z) ẑ −ξ sin θ θ̂

~Jm = δ (x) δ (y) δ (z) x̂ ξ

η

(

− sinφ θ̂ − cos θ cosφ φ̂
)

~Jm = δ (x) δ (y) δ (z) ŷ ξ

η

(

cosφ θ̂ − cos θ sinφ φ̂
)

~Jm = δ (x) δ (y) δ (z) ẑ ξ

η
sin θ φ̂

whereξ = −
jηke−jkr

4πr

definition provides the perfect relationship between the source
current polarization and the far-filed pattern polarization.

III. SOURCE POLARIZATION

From a macroscopic point of view, any antenna can be
thought of as a continuous array of infinitesimal electric or
magnetic current elements or a combination of both. For
example, a dipole antenna can be considered as an array
of infinitesimal electric current elements. Similarly, aTE10

rectangular wave-guide opened in an infinite ground plane
is equivalent to an array of infinitesimal magnetic current
elements4. Finally, a wave-guide horn antenna (without ground
plane) is an array of infinitesimalhybrid current5 elements.
But, one thing these three cases have in common isunidi-
rectionality (assuming idealTE10-mode distribution in the
aperture for the last two cases). On the other hand, a circular
ring or a pureTE11-mode circular horn antenna is an example
of non-unidirectional source. Because, in both these cases, the
equivalent current direction is a function of angular position.

4assuming the reflection at the open end and the fields outside the aperture
are negligible

5In this paper, the termhybrid current element is used to denote a pair of
orthogonal electric and magnetic current elements ofarbitrary values.

~Elinearly polarized(kx, ky, kz) = ~GE (θ, φ)

∫

∞

−∞

∫

∞

−∞

∫

∞

−∞

A (x, y, z) exp [j (kxx+ kyy + kzz)] dxdydz (6)

~Ecircular disc
quasi−array (θ, φ) =

∫

∞

0

ρAρ (ρ)

{
∫ 2π

0

Aβ (β) ~G
E [θ, (φ− β)] exp [jk0ρ sin θ cos (φ− β)] dβ

}

dρ

=

∞
∑

m=−∞

{

Cm

{

∞
∑

l=−∞

[

~DE
l (θ) 2π (j)

(m−l)
AHankel
ρ,(m−l) (θ)

]

}

ejmφ

}

(7)

~E
circular ring
quasi−array (θ, φ) = R0

∫ 2π

0

Aβ (β) ~G
E [θ, (φ− β)] exp [jk0R0 sin θ cos (φ− β)] dβ

= R0

∞
∑

m=−∞

{

Cm

{

∞
∑

l=−∞

[

~DE
l (θ) 2π (j)

(m−l)
J(m−l) (k0R0 sin θ)

]

}

ejmφ

}

(8)
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Fig. 2. Local and far-field coordinates for the circular quasi-array with
separable excitation. Inset picture is an example of circular ring quasi-array
with a finite number of radial dipoles.

According to [8]–[11], the above mentioned two antennas can
also be categorized as circularquasi-arrays6. Many practical
non-unidirectional antennas are circular quasi-arrays with sep-
arable excitations as shown in Fig. 2.

Radiated far-fields corresponding to a linear source can be
evaluated using (6) in conjunction with Table I. Similarly,far-
fields corresponding to circularquasi-arrays with separable
excitations are given by (7) and (8)7 , where

~DE
l (θ) =

1

2π

∫ 2π

0

~GE (θ, φ) e−jlφdφ, (9)

Cm =
1

2π

∫ 2π

0

Aβ (β) e
−jmβdβ, (10)

and

AHankel
ρ,(m−l) (θ) =

∫

∞

0

Aρ (ρ)J(m−l) (k0ρ sin θ) ρdρ. (11)

For the case of circular quasi-arrays,~GE (θ, φ) represents the
element pattern of the element placed atβ = 0.

From (6), it is evident that in the case of unidirectional
sources, overall far-field pattern is multiplication of space
factor with the corresponding far-field Green’s function. So,
for a unidirectional source, entirepolarization information
is preserved in the Green’s function alone. This type of
simplification is not possible for the case of non-unidirectional
sources as can be seen from (7) and (8). In such cases, overall
polarization information can only be obtained by evaluating
the entire field pattern.

From the above discussion, it can be concluded that a stan-
dard cross-polarization can only be defined for unidirectional
sources. In practice, such a definition is very useful because
many practical antennas are nominally unidirectional (e.g.,
microstrip rectangular patch antenna, horn antenna).

6An antenna system composed of identical but not neccessarily identically
oriented elements is defined asquasi-array [8]. In particular, in this paper, it
is assumed that the orientation of elements is a function ofβ as denoted in
(7) and (8).

7In deriving (8), radius of the circular ring quasi-array is assumed to be
R0 (i.e.,Aρ (ρ) = δ (ρ−R0)).

TABLE II
POLARIZATION DEFINITIONS AND THEIR CORRESPONDINGOPTIMAL

SOURCECURRENTS

Polarization Definition
Source Current(s)*

~Je ~Jm

Ludwig-2 (ǫ = 0) ∆ŷ 0

Ludwig-3I (ǫ = 1) ∆ŷ −η∆x̂

Ludwig-3II (ǫ = ∞) 0 ∆ (sinφ′x̂− cosφ′ŷ)

* where∆ = δ (x) δ (y) δ (z)

IV. A G ENERAL CROSSPOLARIZATION DEFINITION

All the previous cross polarization definitions were primar-
ily defined for either electric, magnetic or Huygens current
elements. For different polarization definitions and theircor-
responding optimal sources, please refer to Table II. It is
evident from the table that a definition which is optimal for
electric dipole element cannot be optimal for either magnetic
or Huygens element and vice versa. SinceLudwig-3II is
optimal for the E-field aperture model (i.e., for magnetic
current source), it cannot simultaneously be optimal for the
H-field aperture model. Therefore, the ideal definition for the
H-field aperture source is theLudwig-2 definition.

From the above discussion, it would make sense to combine
all the previous definitions bytreating the radiating source
as a hybrid element. In order to combine them, one more
parameterǫ is used in this paper. The parameterǫ (not to be
confused with thepermittivity) is the same one that was used
in [5] to characterize the perfect feed for reflector antennas.
Thus, introduction ofǫ into the polarization definition has two
purposes:

1) ǫ represents the combination of two mutually orthogonal
electric and magnetic current sources.

2) To induce parallel currents on a reflector, feed source
should be a hybrid element with magnetic to electric
strength ratio equal toǫη, whereǫ is the eccentricity of
the reflector [5].

So, for a hybrid element (~Je = ∆ŷ and ~Jm = −ǫη∆x̂,
as shown in the inset of Fig. 3), radiated electric field can
be obtained through Table I and is given by (12). If the
hybrid element is further rotated8 counterclockwise about the
origin in the xy-plane by an angleφR, then its normalized
polarization direction is given by (13). Forǫ equals to 0, 1 and
∞, (13) reduces9 to theLudwig-2, Ludwig-3I andLudwig-3II
definitions, respectively.

If the AUT needs to be rotated in any arbitrary direction,
then Euler anglesθR and ψR can be used [12]. For the
sequence of rotation, please see the numbering denoted in Fig.
3. There are many different conventions to choose possible
Euler angles. However, in this paper, authors stick to the
notation shown in Fig. 3. The orthogonal rotation matrix

8For the time being, Euler anglesθR andψR are assumed to be zero.
9φR values for Ludwig-2, Ludwig-3I and Ludwig-3II are 0, 0 and

(φ′ + 90◦), respectively.
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~Ehybrid = ξ
[

sinφ (cos θ + ǫ) θ̂ + cosφ (1 + ǫ cos θ) φ̂
]

(12)

ûref =
sin

(

φ− φR
)

(cos θ + ǫ) θ̂ + cos
(

φ− φR
)

(1 + ǫ cos θ) φ̂
√

ǫ2
(

1− cos2 (φ− φR) sin2 θ
)

+ 2ǫ cos θ +
(

1− sin2 (φ− φR) sin2 θ
)

(13)

~EEuler
hybrid =

[

(r21 cos θ cosφ+ r22 cos θ sinφ− r23 sin θ + ǫr11 sinφ− ǫr12 cosφ) θ̂

+(−r21 sinφ+ r22 cosφ+ ǫr11 cos θ cosφ+ ǫr12 cos θ sinφ− ǫr13 sin θ) φ̂
]

× ξ (16)

Fig. 3. Euler angles: fixed (xyz) and rotated (x′y′z′) coordinates. Inset
picture shows initial orientation of the hybrid element. Electric and magnetic
current elements are shown with normal and triple arrow heads, respectively.

corresponding to the coordinate transformation is given as

R =





r11 r12 r13
r21 r22 r23
r31 r32 r33





=





cφcψ − sφcθsψ sφcψ + cφcθsψ sθsψ
−cφsψ − sφcθcψ −sφsψ + cφcθcψ sθcψ

sφsθ −cφsθ cθ



 (14)

In the above matrix, element representation has been simpli-
fied. For example,cφ meanscosφR andsθ meanssin θR.

Finally, if the AUT is oriented such that~Je ∝ ŷ′ and ~Jm ∝
−x̂′, then the hybrid element can be represented in the global
coordinate system as

{

~Je = r21x̂+ r22ŷ + r23ẑ
~Jm = −ǫη (r11x̂+ r12ŷ + r13ẑ) .

(15)

Reference polarization direction corresponding to the above
hybrid element can be obtained from Table I and is given
by (16)10 . So, one can use the polarization definition (13)
or (16), depending upon the AUT’s orientation. Similarly, the
cross polarization direction is given by(r̂ × ûref).

10One can normalize this vector to get the unit reference vector.

V. COMPARISON OFDIFFERENTPOLARIZATION

DEFINITIONS

(see “comparison.pdf” for this section)

VI. CONCLUSIONS

The Ludwig-3I definition corresponds to the standard mea-
surement practice and is ideal for feed sources which should
be Huygens sources [5]. Two practical examples for Huygens
sources are, pyramidal and corrugated horn antennas. Even
though easy to implement, theLudwig-3I definition is not
optimal for electric and magnetic dipoles. At the same time,
Ludwig-2 and Ludwig-3II definitions are not optimal for
Huygens sources. So, all these definitions are restricted toonly
one type of source. So, in this paper authors unified these indi-
vidual definitions into a generalized definition. Such a general
definition is easier to implement in full-wave electromagnetic
simulators too.

Another conclusion is that theLudwig-3II definition should
not be regarded as the generalizedLudwig-3I definition. They
each serve entirely different purposes. TheLudwig-3I defini-
tion was defined from the view point of reflector antennas and
is ideal for Huygens sources. At the same time, theLudwig-
3II definition was defined for magnetic current sources and is
analogous to theLudwig-2 definition. If Ludwig-3II is used
as a standard definition for feed sources, then a feed source
with zero cross polarization inducesantisymmetric fields in the
reflector aperture. So, in the authors’ opinion, theLudwig-3II
definition should be treated as an entirely new definition.

While defining theLudwig-3I definition, its main purpose
was to characterize reflector antenna feeds. Since active phased
array antennas are replacing reflector antennas in many areas,
it is time to revisit how we define the cross polarization. Also,
the advent of microstrip patch antennas neccesates a revision
in the cross polarization definition. So, a new definition which
has a broader scope to encompass wider spectrum of antennas
is needed. Authors believe that this paper addressed some of
these issues.

Finally, if the AUT is meant to feed a paraboloid reflector,
then Ludwig-3I must be the standard definition. However,
for applications in which the AUT is used as a standalone
source, antenna engineer should be given a choice to choose
an appropriateǫ value (depending upon the application and
the AUT type).
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